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TAUTNESS AND FATOU COMPONENTS IN P2
HAN PETERS AND CRYSTAL ZEAGER
Abstract. We investigate the tautness of invariant Fatou components for
holomorphic endomorphisms of P2. Previously, only basins of attraction were
known to be taut. We show that two other kinds of recurrent Fatou compo-
nents are taut. In the first of these cases, as well as for basins of attraction,
we show that the Fatou components are in fact Kobayashi complete, which
implies tautness.
1. introduction
Although the study of Fatou components for complex dynamical systems in sev-
eral variables has received quite a bit of interest in recent years, many elementary
questions have not yet been answered. Here we will investigate one of these ques-
tions, namely whether the Fatou components of a holomorphic endomorphism of
P2 are taut. This question was raised by Abate after he classified the dynamical
behavior of holomorphic self-maps of taut domains [1]. So far the only Fatou com-
ponents for which the question is settled are basins of attraction, [12]. In this article
we will prove tautness for several other classes of Fatou components. Before we go
into details we will recall a few relevant results and definitions.
Definition 1. A family F ⊂ O(X,Ω) is called normal if every sequence (fn) ⊂
O(X,Ω) either has a subsequence (fni) converging uniformly on compacts to f ∈
O(X,Ω), or has a subsequence (fni) which is compactly divergent. A subsequence
(fni) is called compactly divergent if for any two compact sets K ⊂ X and L ⊂ Ω
there exists I ∈ N so that for all i > I, fni(K) ∩ L = ∅.
Definition 2. Let f be a holomorphic endomorphism of a complex manifold X . A
point z ∈ X is said to lie in the Fatou set F if there exists a neighborhood U(z) on
which the family of iterates {fn} is a normal family. The connected components of
F are called Fatou components.
An important ingredient in the study of one-dimensional Fatou components is
the Denjoy-Wolff Theorem [13], [14] [4]:
Theorem 1 (Wolff-Denjoy). Let f : ∆→ ∆ be a holomorphic selfmap of the unit
disc. Then either f is a rotation, with respect to Poincare´ metric, about some fixed
point z ∈ ∆, or fn converges uniformly on compact subsets to a point z ∈ ∆¯.
A similar result can be proved for hyperbolic Riemann surfaces, and since every
Fatou component of a rational function of degree at least 2 is hyperbolic, Theorem
1 was an important step towards the classification of invariant Fatou components
in one complex dimension.
In an attempt to generalize these results to higher dimensions, Abate studied the
dynamics on taut complex manifolds.
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Definition 3. A manifold Ω is called taut if O(∆,Ω) is a normal family.
Let Γ(f) be the set of all limits h ∈ O(X,X) of convergent subsequences fnj . In
[1], Abate proved the following:
Theorem 2 (Abate). Let X be a taut manifold and suppose that f ∈ O(X,X) is
not compactly divergent. Then Γ(f) is isomorphic to a compact Abelian group of
the form Zq × Tr, where Zq is the cyclic group of order q, and Tr is the real torus
group of rank r.
Theorem 2 gives hope for a classification of invariant Fatou components in higher
dimensions, if one could show that invariant Fatou components are taut. This is
still an open question. Note that in Cn Fatou components are not generally taut;
Fatou-Bieberbach domains provide an easy counterexample. The good news is
that by now there does exist a classification of invariant Fatou components for
holomorphic endomorphisms of P2. It has become common in the literature to refer
to Fatou components on which the family of iterates is not compactly divergent as
nonrecurrent .
Definition 4. An invariant Fatou component Ω is called recurrent if there exists
an orbit fn(z) with an accumulation point in Ω.
For holomorphic endomorphisms of P2 recurrent Fatou components have been
classified by Fornæss and Sibony [6], and nonrecurrent Fatou components have
been classified by Weickert [12]. We recall the result from [6]:
Theorem 3 (Fornaess-Sibony). Suppose that f is a holomorphic self-map of P2 of
degree d ≥ 2. Suppose that Ω is a fixed recurrent Fatou component. Then either:
(1) Ω is an attracting basin of some fixed point in Ω,
(2) there exists a one dimensional closed complex submanifold Σ of Ω and
fn(K) 7→ Σ for any compact set K in Ω. The Riemann surface Σ is biholo-
morphic to a disc, a punctured disc, or an annulus and f |Σ is conjugate to
an irrational rotation, or
(3) the domain Ω is a Siegel domain.
Although this classification has been achieved without knowing whether the com-
ponents are taut, the tautness question remains interesting and may be useful to
study finer properties of the dynamical behavior. The only result in this direction
is by Weickert [12], who showed that a Fatou component that is pre-periodic to a
basin of attraction (case 1 in Theorem 3 above) is taut. We will prove (Theorem 5)
that a Fatou component that is pre-periodic to a Fatou component with an attract-
ing Riemann surface (case 2 in Theorem 3) is also taut. Then in Theorem 9 we will
prove that a subclass of Siegel domains (case 3 in Theorem 3) is taut as well.
To state our results more precisely we need to consider Siegel discs in greater
detail.
Definition 5. An invariant Fatou component Ω is called a Siegel domain there
exists a subsequence of iterates fnj that converges to the identity on Ω.
Fornæss and Sibony proved the following result:
Proposition 1 (Fornæss -Sibony). Let W be a Siegel domain for f , a holomorphic
endomorphism of P2 of degree at least 2. Denote by Γf the closure of (f
n)n∈N in
the topology of uniform convergence on compact sets. Then Γf is a sub-Lie group
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of Aut(Ω) and Γf is isomorphic to T
k × F , where F is a finite group and k is 1 or
2.
Using the notation of the above proposition, we will prove in Theorem 9 that Ω
is taut when k = 2.
For two classes of Fatou components we can prove a stronger property than
tautness, namely Kobayashi completeness. Ueda proved in [10] that any Fatou
component is Kobayashi Hyperbolic (and even Caratheodory Hyperbolic). A hy-
perbolic complex manifold is called Kobayashi complete if the hyperbolic metric is
complete (that is, every Cauchy sequence converges). We will prove in Theorems 7
and 8 that a Fatou component that is pre-periodic to case 1 or case 2 of Theorem
3 is Kobayashi complete.
Our organization is as follows. In section (2) we recall some background defi-
nitions and prove the tautness of Fatou components with an attracting Riemann
surface (Theorem 5). In Section (3) we prove that Fatou components that are
either basins of attraction or have an attracting Riemann surface are Kobayashi
complete (Theorems 7 and 8). In Section (4) we prove tautness for Siegel domains
with a T2-action (Theorem 9). In Section (6) we study tautness for recurrent Fatou
components of He´non mappings.
2. Tautness for an attracting Riemann surface
Let Ω be an invariant Fatou component that has an attracting Riemann surface
(case 2 in Theorem 3). In this case, we will prove that Ω is taut. We will first recall
part of the argument that Weickert used to prove that if Ω is an attracting basin,
then Ω is taut, [12].
Let f : Pn → Pn be a holomorphic map of degree d. Then there exists a lift
F : Cn+1 \ {0} → Cn+1 \ {0} so that the following diagram commutes, where π is
the projection from Cn+1 \ {0} to Pn, see [5].
(1) Cn+1 \ {0}
π

F
// Cn+1 \ {0}
π

Pn
f
// Pn
The map F is of the form (F1, F2, ..., Fn+1), where the Fi’s are homogeneous
polynomials of degree d whose only common zero is (0, 0, 0). We say F is homoge-
neous and non-degenerate. If d ≥ 2 it is clear that F has a basin of attraction A at
the origin. By definition
A =
{
z ∈ Cn+1 \ {0} | lim
n→∞
Fn(z) = 0
}
.
It is clear that A contains a neighborhood of the origin. Since F is non-
degenerate, the basin A is bounded and by [10] we know the following.
Theorem 4 (Ueda). Let f : Pn → Pn. For every point p in F(f), the Fatou set of
f , there exists a neighborhood V of p and a holomorphic map s : V → Cn+1 \ {0}
such that π ◦ s = id and s(V ) ⊂ ∂A. Such a map is unique up to a constant factor
of unit length.
Theorem 4 shows that φ ∈ O(∆,Ω) lifts to s ◦ φ ∈ O(∆, ∂A).
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Theorem 5. Let f be a holomorphic self-map of P2 of degree d ≥ 2, and assume
that Ω is a preperiodic recurrent Fatou component with an attracting submanifold
Σ. Then Ω is taut.
Proof. It is enough to consider the case f : Ω → Ω. Recall from Theorem 3 of
Fornæss and Sibony that we can find a subsequence (fnk) of (fn) that converges
uniformly on compact sets of Ω to a map h : Ω→ Σ.
Let a sequence (gi) ⊂ O(∆,Ω) be given. Let us assume that (gi) is not compactly
divergent, so our goal is to prove that there exists a convergent subsequence. Let
F denote a lift of f to C3 \ {0} and let A be the attracting basin at the origin of
F . By Theorem 4 each gi lifts to a map g˜i : ∆→ ∂A.
Since ∂A is bounded in Cn and closed, we can restrict to a subsequence, which for
simplicity of notation we will also call (g˜i), that converges uniformly on compacts to
a map g˜ ∈ O(∆, ∂A). Since ∂A does not include the origin, we can define g = π ◦ g˜
and we obtain
(2) lim
i→∞
gi = lim
i→∞
π ◦ g˜i = π ◦ g˜ = g,
and this convergence is uniform on compacts, so g ∈ O(∆,Ω).
Now consider the images of gi and g under f
n. Using the lifts to C3\{0} as above
we can restrict to a subsequence of nj if needed such that the maps f
nj ◦g ∈ O(∆, Ω¯)
converge to a map k ∈ O(∆, Ω¯). Similarly we can assume that for each i the maps
fnj ◦gi ∈ O(∆,Ω) converge to hi ∈ O(∆,Σ). By further restricting to a subsequence
if necessary we may assume that hi converges to h ∈ O(∆, Σ¯).
To summarize we have
(3) k = lim
j→∞
π ◦ Fnj ◦ g˜ = lim
j→∞
fnj ◦ π ◦ g˜ = lim
j→∞
fnj ◦ g,
and
(4) hi = lim
j→∞
π ◦ Fnj ◦ g˜i = lim
j→∞
fnj ◦ π ◦ g˜i = lim
j→∞
fnj ◦ gi.
By our assumption that gi is not compactly divergent there exists ζ ∈ ∆ so that
g(ζ) ∈ Ω. Take a neighborhood U ⊂ Ω containing g(ζ) = z so that fnj converges
uniformly on U . Then there exists a neighborhood V ⊂ ∆ of ζ such that gi(V ) ⊂ U
for all i large enough. By the definitions of h and k it follows immediately that
h = k on V , and since the two maps are holomorphic we have that h = k on the
whole disc ∆.
Now let us consider the sequence of discs hi ∈ O(∆,Σ). As was shown in [6] and
[11] the Riemann surface Σ must be biholomorphically equivalent to either the unit
disc or to the annulus, and both are taut. Therefore the family {hi} ⊂ O(∆,Σ)
is either compactly divergent or admits a convergent subsequence. But since Σ is
a closed submanifold of Ω, if the family is compactly divergent in Σ it must also
be compactly divergent in Ω, which would imply that the maps gi were already
compactly divergent, which contradicts our assumptions. Therefore we have that
{hi} admits a normal family and the limit h maps ∆ into Σ. Since h = k it follows
that g maps ∆ into Ω which concludes the argument. 
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3. Kobayashi Completeness
Barth proved that on hyperbolic complex spaces the topology induced by the
Kobayashi distance is the same as the standard topology, see [3].
Theorem 6 (Barth). Let X be a connected complex space. Then the Kobayashi
distance is continuous. If BK(p, r) denotes the open Kobayashi ball of radius r
around p ∈ X, then BK(p, r) is path-connected in X. If X is Kobayashi hyperbolic,
then the Kobayashi distance induces the standard topology on X. In fact, for any
open neighborhood U in the standard topology and any point p ∈ U there is a
Kobayashi ball around p that is compactly contained in U .
Definition 6. A hyperbolic complex manifoldD ⊂ Cn is complete if every Kobayashi
Cauchy sequence of points (zi) with zi ∈ D converges in the usual topology to a
point z ∈ D.
Theorem 7. Let f be a holomorphic self-map of Pn of degree at least 2. Let Ω be a
Fatou component of f which is preperiodic to a basin of attraction, with attracting
fixed point p ∈ Ω. Then Ω is Kobayashi complete.
Proof. It is enough to consider an invariant Fatou component. Let (zi) be a
Kobayashi Cauchy sequence in Ω. Let U be a small neighborhood of the attracting
fixed point p and let ǫ > 0 be small enough such that Nǫ(U), the ǫ-neighborhood
of U in the Kobayashi-metric, is relatively compact in Ω. Let I ∈ N be such
that dK(zi, zj) < ǫ for any i, j ≥ I. Since fn → p locally uniformly on Ω there
exists an N ∈ N such that fN (zI) ∈ U . Since dk(fN (zj), fN(zI)) ≤ dk(zj , zI)
we have that zj ∈ Nǫ(U) for any j ≥ I. But by continuity of f we have that
K = f−N(Nǫ(U))∩Ω is relatively compact in Ω. By compactness of P2 there exists
a convergent subsequence zij → z, where z must necessarily lie in K¯ ⊂ Ω. But since
dK(zi, z) ≤ dK(zi, zij ) + dK(zij , z) we have that dK(zi, z)→ 0. Since the topology
defined by the Kobayashi metric is the same as the usual topology we get that (zi)
converges to z. 
Definition 7. A holomorphic retract f : U → U is a holomorphic map that satisfies
f(f(z)) = f(z) for all z ∈ U .
Let f be a holomorphic endomorphism of P2 of degree at least 2. Let Ω be
an invariant Fatou component of f and assume that all orbits in Ω converge to a
Riemann surface Σ ∈ Ω. Since f acts as a rotation on Σ, there exists a subsequence
{fnj} that converges uniformly on compact subsets of Ω to h : Ω → Σ and such
that h|Σ = Id. This h is a holomorphic retract.
In order to prove Kobayashi completeness in case 2 of Theorem 3 we need the
following lemma.
Lemma 1. Let f : U → V ⊂ U be a holomorphic retract. Then for any points
x, y ∈ V , dUK(x, y) = d
V
K(x, y).
Proof. Since f is holomorphic, using the property that the Kobayashi distance is
decreasing under holomorphic maps it is clear that dUK(z, w) ≥ d
V
K(z, w). On the
other hand, by inclusion dUK(z, w) ≤ d
V
K(z, w).

We can now prove the following:
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Theorem 8. Let f be a holomorphic endomorphism of P2 of degree at least 2. Let
Ω be an invariant Fatou component of f and assume that all orbits in Ω converge
to a Riemann surface Σ ∈ Ω. Then Ω is Kobayashi complete.
Proof. Let the subsequence (fnj ) converge to a map h : Ω → Σ, uniformly on
compact subsets of Ω. Suppose that (zi) is a Kobayashi Cauchy sequence in Ω. Let
wi = h(zi). If {wi} lies in a relatively compact subset of Σ then we can apply the
same argument as in the proof of Theorem 7 to obtain that (zi) converges to a point
z ∈ Ω. Let us therefore assume, for the purpose of contradiction, that {wi} is not
relatively compact in Σ.
We know from the work of Fornæss and Sibony [6] that Σ is a closed invariant
submanifold and by Ueda [11] that Σ is biholomorphically equivalent to the disc or
an annulus. Since the disc and the annulus are both Kobayashi complete, we get that
(wi) cannot be a Cauchy sequence in Σ with respect to the Kobayashi distance on Σ.
But by Lemma 1 we conclude that (wi) cannot be a Cauchy sequence with respect
to the Kobayashi distance on Ω either. Since the Kobayashi distance is continuous
and dK(f
n(zi), f
n(zj)) ≤ dK(zi, zj) we have that dK(h(zi), h(zj)) ≤ dK(zi, zj) as
well, and therefore (wi) must be a Cauchy sequence by our assumption that (zi) is
a Cauchy sequence. This contradiction concludes our argument. 
4. Siegel domains
As we mentioned in the introduction (Proposition 1) it was shown by Fornæss
and Sibony that a Siegel disc either admits a T1 or a T2 action. In the latter case
it follows from the following short argument that the Siegel disc is taut.
Theorem 9. Let f be a holomorphic endomorphism of P2 of degree at least 2, such
that f has a Siegel domain Ω. Further assume that Γf is isomorphic to T
2 × F .
Then Ω is taut.
Proof. Since Ω is pseudoconvex ([10], [5]) and admits a 2-torus action, a result by
Barrett, Bedford and Katok [2] gives that Ω is biholomorphic to a Reinhardt domain
V . But then V is a hyperbolic, pseudoconvex Reinhardt domain and therefore taut,
see [15]. 
The Siegel disc with a T1-action is the only remaining recurrent Fatou component
that is not covered yet. It would be interesting to know whether this type of Fatou
component must be taut as well.
5. Tautness for Fatou components of He´non mappings
In [6] recurrent Fatou components were studied for (generalized) He´non mappings
as well as for Holomorphic mappings of P2. Fornæss and Sibony showed that the
classification in Theorem 3 also holds for He´non maps. These Fatou components
are often not Kobayashi hyperbolic though, for example a basin of attraction Ω is
always biholomorphic to C2. For the same reason such a Fatou component cannot
be taut, for any z ∈ Ω there will be families of holomorphic discs φn : ∆ → Ω for
which φn(0) = z but such that the set {φ(
1
2
)} is not contained in any bounded
subset of C2. Such a family is not compactly divergent but also clearly does not
converge. This example suggests that for unbounded Fatou components in C2 we
should only consider bounded families of holomorphic discs:
Definition 8. A domain Ω ⊂ Cn is called taut on bounded families if every bounded
family V ⊂ O(∆,Ω) is normal.
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Theorem 10. Let Ω be a recurrent Fatou component for a (generalized) He´non map
f . Suppose that Ω is either an attracting basin (corresponding to case 1 in Theorem
3) or has an attractive Riemann surface (corresponding to case 2 in Theorem 3).
Then Ω is taut on bounded families.
The proofs are essentially the same as the proofs of Theorem 2 in [12] and of
Theorem 5. Similarly the proof of Theorem 9 immediately gives:
Theorem 11. Let Ω be a recurrent Fatou component for a (generalized) He´non
map f . Suppose that Ω is a Siegel disc that admits a T2 action. Then Ω is taut.
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